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Al can learn from existing simulation and measurement data to create fast
surrogate models that approximate parts of the flow prediction process much
faster than running a full CFD simulation every time.

The main advantage is not that Al replaces physics or CFD simulations, but that it
can accelerate repeated predictions, support design exploration, and make
complex flow information available faster.
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Systems that simulate aspects of human intelligence, such as reasoning, learning, problem-
solving, and decision-making.

A subset of Al in which systems learn from data and improve their performance through training
without being explicitly programmed for every task.

-
Neural Network (NN)

~N

Computational models inspired by the human brain that recognize patterns and relationships in
data through interconnected layers of artificial neurons.

-
Deep Learnin A o o
P s | » Gemini
A subset of machine learning that uses deep neural networks with
multiple layers to process complex data and solve advanced tasks. \l ClaUde

S Y,
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Rule-Based System Learning-Based System

Rule-Based
Program \Training /

Rules
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4 Inference

Welcome to your Al assistant.
How can | help you today?

New Sample

'Z] Summarize this research paper in simple terms

@ Help me plan a 5-day trip to Tokyo

/ fx Explain this equation step by step

£ Write a professional email for a job application

o E— Result

5 [Ask me anything...

(&
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Dataset Model

A collection of examples A neural network with a The process where a
that form the model’s specific architecture neural network learns
knowledge base. adapted on the data or patterns from data.
use case.

Inference

After training, the model uses what it has learned to make predictions or
generate content from unseen inputs.
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Define the specific use case and the needed spatial and
temperol resolution first

Coordinates: X = (x, v, 29 X € R3
Discrete time: t; =ty + 1At

Velocity vector: u(x, t) € R?

Velocity components: u(x, t) = (u(x, t),v(x t),w(x, t))

Wind-speed magnitude: U(x,t) = \/u(x, t)? + v(x, t)? + w(x, t)?
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Urban Area Wind Prediction

Local heat, ventilation, comfort, vegetation effects, urban planning scenario.

3D spatial domain: D= i KR X i Vi | X [ Zimiie 2 o | GRS

3D grid points: Xj = Xmin t JAX, Yk = Ymin + K4y, 2} = Zyin + 142
Sample location: X1 = (x5, Vi 21) € R3

Velocity sample: u(X; e ti) = (u(x]-,k’l, t:), V(X k0 i) W(Xj k1 tl-)) € R?
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Urban Area Wind Prediction

Local heat, ventilation, comfort, vegetation effects, urban planning scenario.

Qurban — f(x y z) € R3 | x € [0,750] m,y € [0,750] m, z € [0,200] m}
Ax = Ay = Az = 1-10 m
t; = to + i4¢, At ranging from seconds to hours

XU e R NexNopdiygi=xC C = (u,v,w,T,p, q,building mask, vegetation)
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Urban Area Wind Prediction

Local heat, ventilation, comfort, vegetation effects, urban planning scenario.

Dense urban wind and microclimate datasets are typically generated from CFD
simulations or wind-tunnel experiments over realistic urban geometries, while
field measurements and long-term meteorological data are used to define
boundary conditions, evaluate seasonal relevance, and validate the predicted

flow patterns.
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City Geography Markup Language (CityGML)

Open, standardized data model and exchange format used to store and share digital 3D models of
cities and landscapes.

LoDO Building footprints, roof prints, roads, terrain surfaces

LoD1 Buildings are vertical boxes with flat roofs

LoD2 Roof shapes, roof planes, sometimes building parts

LoD3 Windows, doors, facade details, balconies, roof/facade structures

Urban Scene = Buildings + Terrain + Vegetation + Land Cover + Infrastructure
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Spacing for urban turbulences

Use the target physics to decide how much of the city must be resolved.

4 ) 4 ) 4 )
Coarse urban climate Building-resolving flow High-detail turbulence
A= 10-40m A= 1-5m A=0.5-2m
r A r A ~ R

City-scale thermal or Urban wind, ventilation, Research-grade LES around
climate screening. Buildings pedestrian or drones. buildings. Expensive but
may be parameterized or Often the relevant regime better for shear layers and
partly resolved. for turbulence datasets. near-ground statistics.
\ Y, \ Y, - Y,
(& J (& J (& J
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Prominent boundary-distance

AlJ/COST-style guidelines provide starting values. Sensitivity tests remain necessary.

4 )

top =5H
clearance

AOl

L_top clearance = 5H

- 4
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Urban Area Wind Prediction

Local heat, ventilation, comfort, vegetation effects, urban planning scenario.

H=40m AOI=500m X 500 m Ax=Ay=Az=2m

s N \
Lx = 200 + 500 + 600 = 1300 m
Ly = 200 + 500 + 200 =900 m
Nz =~ 240/2 = 120 grid levels

ztop=H+5H=240m Ncells = 650 - 450 - 120 = 35.1 million
N J \ J
H M . Bﬂgi‘iﬁ:ﬁ‘;& and A % C ’ M PA 18 0f 110




Urban Area Wind Prediction

Local heat, ventilation, comfort, vegetation effects, urban planning scenario.

i Lx = 200 + 500 + 600 = 1300 m :
Ly =200 + 500 + 200 =900 m
Nz =~ 240/2 = 120 grid levels
Ncells = 650 - 450 - 120 = 35.1 million

- J

C = (u,v,w,p, q, mask, SDF)

Nt = 60

60 - 31.5 million - 7 - 4 bytes

= 52,920,000,000 bytes = 52.92 GB

Memory snapshot = Nt - Ncells - C - 4 bytes (float32)
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Domain nesting: coarse context, fine target region

Nested grids let you include city-scale context without forcing 2 m cells everywhere.

Outer Context
A~8-16m [

outer domain provides topography and ]

e eafse larger-scale boundary-layer context

A=4-8m

inner domain resolves flow-building
interactions

training labels can be exported only from
the high-resolution AOI
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400
X (m)

(b) Time=6.0s . ; " (d) Time=12.0s
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Global Weather Simulation

' 1 Define task mean comfort map, dynamic wind forecast, thermal microclimate, pollutant spread ’
' p Acquire geometry LoD2/CityGML/CityJSON, terrain, vegetation, surfaces, licenses
' 3 Prepare domain clean, simplify, mesh/voxelize, set boundaries, define grid
r - Design cases directions, speeds, stability, weather episodes, surface scenarios
' 5 Run + validate CFD/LES/microclimate model, monitoring, field/wind-tunnel checks :
r 6 Export ML dataset Zarr/HDF5/NetCDF, masks/SDF, metadata, splits, documentation
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Lab 1

From PDE Simulations to Training Data

In this lab, you will explore a 1D PDEBench dataset and learn
how physical simulation data is structured, visualized,
analyzed, and transformed into supervised learning pairs.

By computing trajectory statistics, studying distributions,
checking data splits, and testing simple baselines, you will
understand why dataset quality and preprocessing are
essential for reliable scientific machine learning.

https://syncandshare.lrz.de/getlink/fiV
MAZBH1ha1h4Lrn4a98C/public_data
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L a b 1 PDEBENCH: An Extensive Benchmark for Scientific
Machine Learning

From PDE Simulations to Training Data

NEC Labs Europe University of Stuttgart University of Stuttgart

Dan MacKinlay Francesco Alesiani
CSIRO’s Data61 NEC Labs Europe

Dirk Pfliiger Mathias Niepert
University of Stuttgart University of Stuttgart

Abstract

In this lab, you will explore a 1D PDEBench dataset and learn

h OW p h yS i C a l' S i m u la ti O n d a t a i S St r u Ct u re d I Vi S u a lize d ) Machinel learning-based modeling of physical systems has ezpcrienced"inclrea}\se(}
. 5 o o interest in recent years. Despite some impressive progress, there is still a lack o

a n a lyze d y a n d ‘tra n Sfo rm e d I n to S u p e rVI S e d le a r n I n g p a I rS i benchmarks for Scientific ML that are easy to use but still challenging and repre-

sentative of a w nge of problems. We introduce PDEBENCH, a benchmark

suite of time-dependent simulation tasks based on Partial Differential Equations

(PDEs). PDEBENCH comprises both code and data to benchmark the performance

of novel machine learning models against both classical numerical simulations

and machine learning baselines. Our proposed set of benchmark problems con-

M M M M : M M M tribute the following unique features: (1) A much wider range of PDEs compared

By C O m p ut I n g t raJ e Cto ry Stat I St I C S 9 St u dyl n g d I St rl b u t I O n S ) to existing benchmarks, ranging from relatively common examples to more real-
istic and difficult problems; (2) much larger ready-to-use datasets compared o

h k. d t l.t d t t . . l b l- . ll prior work, comprising multiple simulation runs across a larger number of ini-
tial and boundary conditions and PDE parameters; (3) more extensible source

C e C I n g a a S p I S ) a n e S I n g S I m p e a S e I n e S ) yo u WI codes with user-friendly APIs for data generation and baseline results with popular
. . machine learning models (FNO, U-Net, PINN, Gradient-Based Inverse Method).

u n d e rSta n d W hy d ata S et q u a ll‘ty a n d p re p ro C e S S I n g a re PDEBENCH allows researchers to extend the benchmark freely for their own pur-
poses using a standardized API and to compare the performance of new models

to existing baseline methods. We also propose new evaluation metrics with the

H 1 H 1F1 1 H ai jide ¢ : holistic understanding of learning methods in the contes
essential for reliable scientific machine learning. S SCLatic ML e Tus s v osary Wtk s o chlaio o

The code is available at https://github. com/pdebench/PDEBench

recent ML methods and propose these tasks as future challenges for the community.
MUC.DAI
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Learning from Data

A brief overview of supervised and unsupervised learning.
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4 N [ )

Supervised Learning Unsupervised Learning
The training data are paired observations The training data consists only of
D= {(x, y)}V observations
D= {xi}liv=1

sampled from an unknown joint distribution
sampled from an unknown distribution

Paata(X,y)
The goal is to learn a function Pdata (%)
The goal is to learn structure of that
fe:X -9

: . M distribution, such as latent representations,
that predicts y from x by minimizing a

: o clusters, reconstructions, or a generative
supervised prediction loss between

fo(xi) and y;.

S 2R 4

Minimize prediction error Learn distributional structure

density model.

‘ MUC.DAI
H M Munich Center for
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Supervised Learning — Dataset

From PDE definition to dataset construction.

4 )
A supervised PDE dataset consists of input-output pairs:

D = {(a Ui)}livz1

a; : initial condition, boundary condition, geometry, parameters

u; . solution field, often multi-channel and time dependent

Example: a; = (uo(x),v, f(x,t),Q,00), u; = u(x,t)

L J

27 of 110
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Supervised Learning — Learning Objective

From PDE definition to dataset construction.

- D
Learning Goal:
fg:X =Y suchthat fg(x) =y
Training Objective:
* : 1 N
0" = argming - %=1 L(fg (x2), y1)
~ argming E(yy) ~Paatal L(fg9(x),¥) ]
L J
HM® ieeoee, -



What makes f learn?

Building the learned function step by step — from affine mappings to neural networks.
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Dataset Model

A collection of examples A neural network with a The process where a
that form the model’s specific architecture neural network learns
knowledge base. adapted on the data or patterns from data.
use case.

Inference

After training, the model uses what it has learned to make predictions or
generate content from unseen inputs.
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Neural Network | |
Affine functions: y=mx + b

A parameterized differentiable function. — y1=0.5x
— y,=15x—-0.3
—— y3=—X+1

Neural Network: fp: R%n — R%out

One dimensional affine model:

y=fo(x) =mx+b

0 = {m, b}

m controls the slope, b shifts the line vertically

Error for one point:
e=mx +b—-—y=fa(x)—y=y —y

MUC.DAI
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Neural Network

Composition of affine maps remains affine

A parameterized differentiable function. — A(X)=12x+05

fo(x)=—-0.8x+0.2
— f3(x)=0.7x—-0.4
Neural Network: fg: R%n — R%out — A ()

Stacking affine functions is
still affine:

Let f;(x) = a;x + byand f,(x) = a,x + b,
fz(f1(x)) = az(a;x + by) + b,
= (ayaq)x + (aby + by) =mx +b

Depth alone does not create curvature

MUC.DAI
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Visualization of t-SNE results on the MNIST Dataset
Amount of datapoints: 50000

O O NV s WN = O

componentl
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Neural Network VA

A parameterized differentiable function.

RelLU

SiLU Mish

5] 4 A
Neural Network: fg: R%in — Rout ’ \/ 2 \/
0 0 -
=5 0 5 =5 0 5

affine » nonlinear
Activation Functions

RelLU
o(x) = max(0, X) o(x) = tanh(x)
={0,x<0;x,x>0} =(e*—e™X) /(e +e™

G E LU standard normal CDF
o0(X) =x P(x)
=1/2x[1 + erf(x / V2)]

SiLU / Swish Mish
=X / 6(X) = x sigmoid(x) 0(x) = x tanh(softplus(x))
1+e™ = x tanh(In(1 + %))

periodic activation

Sine
o(x) = sin(wg x)
plot example: sin(2x)

‘ MUC.DAI
H M Munich Center for
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Neural Network

A parameterized differentiable function.

Neural Network: fp: R%n — R%out

affine » nonlinear
Activation Functions

RelLU: piecewise linear and sparse
tanh: smooth but saturating

GELU / SiLU / Mish: smooth gated

sine: periodic, useful in coordinate models

MUC.DAI
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N e u ra I N etwo rk Linear stack vs. activated stack

A parameterized differentiable function. = linear stack

» activated stack

Neural Network: fp: R%n — R%out

affine @ nonlinear

filx) = a1x + by f2(x) = azx + b

f3(x) = azx + b3
f3(f2 (f1(x))) = az(az(a;x + by) + by) + b3

f3(o(f2(0(f1(x)))))
= az(o(az(o(aix + by)) + by)) + b3

MUC.DAI
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Neural Network

A parameterized differentiable function.

Neural Network: fg: R%in — R%ut

Input Hiddenq

Hidden,

O O
(6(2(6(f1(x))))) =

O O

(0(a,0((ayx + by)) + b)) +

37 of 110




From Scalars to Structured Data

Extending simple 1D mappings toward vectors and matrices, used to represent realistic data.

X1p°t € RNexNzxC C =(U,0,T,p,TI)
Xlz)le)cl € IR C = (u,v,w, U, mask, TI).
X Ui gl X No XNy XNz XC C = (u,v,w,T,p, q,building mask, vegetation)

MUC.DAI
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From Scalars to Structured Data

Extending simple 1D mappings toward vectors and matrices, used to represent realistic data.

Xg;‘)ban € RNtXNxXNyXNzXC

image Ny XNy XC
C = (u,v,w,T,p, q, mask, vegetation) Xop o ER

C =(R,GB) — colorimage
C € {0,1} - binary image
c €{0,1,2,..,255} - grey image

MUC.DAI
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From Scalars to Structured Data

Extending simple 1D mappings toward vectors and matrices, used to represent realistic data.

Neural Network: fg: R%n — Rout

Scalar line: fx)=ax+b=9y [ R->R

Vector-valued layer: fx)=Wx+b=179 f: Rdin — Rut
W € R%n X dout

b € [Rdout

MUC.DAI
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Neural Network

A parameterized differentiable function. /‘\\//‘

XS g

g!i N7

Neural Network: fg: R — R9°ut

KL

/ 0 SRR
QOQ S 0
\\

>
WA

Parameter 8 = {W(D’ bm}%‘zl Hiddenq Hidden,

41 0of 110



Number of Parameters

The number of parameters define how much
neural network can learn.

Wy: 32 -1 =32 b, = 32
Wy: 32 -32 = 1024 b, = 32
Wa:l -32 = 32 by = 32

32+32+1024+32+32+1=1153

Neural Network

fo = A; (tanh (Az (tanh(Al(x)))))

A1) = Wi(x) + by W, € R32*1 p, € R3?

Ay(hy) = Wy(hy) + by W, € R3?%32, b, € R
Az(hy) = W5(hy) + bs
h, = tanh(W;x + b,)

h, = tanh(W,x + b,)

W; € R1*32 b, € R

= W3h2 als b3)

‘ MUC.DAI
H M Munich Center for
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Number of Parameters

The number of parameters define how much neural network can learn.

Exponential growth of parameters in notable Al systems

Parameters are variables in an Al system whose values are adjusted during training to establish how input data
gets transformed into the desired output; for example, the connection weights in an artificial neural network.

MNumber of parameters (plotted on a logarithmic axis)

L0
1 trillion Switch

2.0x/year between 2010-2025
10 billion

100 million

1.2x/year between 1950-2010

Jan 1, 2010

1 million

[Deep Blue
(Perceptron (1960)

100¢Theseus
j_..l-:n 1950
Jul 2,1950 Apr19, 1965 Dec 27,1978 Sep 4, 1992
Publication date

May 14, 2006 Jan 21, 2020

Data source: Epoch Al (2026) OurWorldinData.org/artificial-intelligence | CC BY
Mote: Estimates are based on Al literature with uncertainty up to a factor of 10. The regression lines show a sharp rise in parameters since
2010, driven by the success of deep learning methods that leverage neural networks and massive datasets.

Exponential growth of datapoints used to train notable Al systems

The number of unique data points used to train the model. Each domain has a specific data point unit; for
example, for vision it is images, for language it is words, and for games it is timesteps. This means systems can
only be compared directly within the same domain.

Training datapoints (unique datapoints; plotted on a logarithmic axis)
100 trillion

GPT-4 (Mar 2023),

1 trillion

2.8x/year between 2010-2025

10 billion

100 million

1.3x/year between 1950-2010
1 million

10,000

erceptron Mark |
100 Theseus GuTEeH i
Jul2=1950
Jul 2,1950 Apr 19,1965 Dec 27,1978 Sep 4, 1992
Publication date

May 14, 2006 Jan 21, 2020

Data source: Epoch Al (2026) OurWorldinData.org/artificial-intelligence | CC BY

Note: The regression lines show a sharp rise in data used to train Al systems since 2010, driven by the success of deep learning methods that
leverage neural networks and massive datasets.
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From Pixels to Predictions?

Understanding how fully connected linear neural network turns raw input values into
meaningful class predictions.

MUC.DAI
H M L Munich Center for AR C ’ M pA 44 of 110
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Each image in that dataset has 28 X 28
Pixels

Binary image channels C € {0, 1}

So the dimension is: Xlzrgage € [R28%28%1

Transform the multi dimensional matrix
into a multi dimensional vector

x € R28%28x1 28 .28 -1 = 784

LA R OV PNN
SS9 I N AN LWOL~0O

0
{
2
k.
L{
I
b
£
4
7

DA e h b -0
L3N U WNMN~-—0O
DS s LUWBN~o
S aad oAy —Q
L AYd PP NLwBhH N0
H oI TnowWwNN\NCO
2N LA —-0
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Each image in that dataset has 28 X 28
Pixels

Binary image channels C € {0, 1}

N = O

So the dimension is: X, '° € R?8x28x1

(V]

784 <

~N O Ol =

Transform the multi dimensional matrix
into a multi dimensional vector

x € R28%28xX1 _, 928 .28 .1 =784

46 of 110
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fo = As(relu (4, (relu(4;(x)))
A1) = W) + by

A, )= Wo( )+ by

WZ € ]R16>< 16, bl = R16

As( )= W3( )+ bs

W3 € RlO X 16, b3 = RlO

N = O

(V]

784 <

S O =

© o~

= relu(W;x + by) P 7w
relu(W,x + by)

47 of 110
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fo = As(relu (4, (relu(4;(x)))

N = O

(V]

W3 = R10X16, b3 = RlO 78R4 4

~N O Ol =

o o

784 -16 +16+16 -16 + 16 +16-10 + 10
12544 + 16 + 256 + 16 + 160 + 10
13002
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Can a feedforward network approximate any
function?

‘ MUC.DAI
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Can a feedforward network approximate any
function?

s N D
Theoretically yes Practically no
Universal Approximation Theorem: Universal approximation only
A feedforward neural network with guarantees that a suitable network
nonlinear activations and sufficiently exists. It does not guarantee enough
many neurons can approximate any data, feasible model size, successful
continuous function on a bounded training, or reliable generalization.
domain arbitrarily well.

\ J J

50 0f 110
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Which information do we lose in this setup?

784 <
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Grid Valued Input Fields

Images and CFD states are functions on a discrete grid.

2D CONVOLUTION: FROM INPUT TO OUTPUT

1) Input feature map X 2) Kernel K (3x3) 4) Output feature map Y
(5x5) (3%3)

2

output
value yq o
! Corresponding output
e e ey i 77777777777777777777777777777 Yoo =3
Active 3% 3 receptive field Summation (dot product)
(top-left position) 2-D)+@1-0)+(0--1)+@B-1)+(5-0)+(2--1)+(1-1)+(2-0)+(1--1)=3

General 2D convolution (valid mode) whexe (&4 )iibilexes;itieopeibi-of Q stride = 1, padding = 0

1 1
= S the receptive field in X (here i = 0,j=0)
yi.j == Z Z Ku,vX1+u.j+v and u,v € {~1,0,1}.

u=-=1 v=-=1

NN implementations, this operation is implemented as cross-correlation

is commonly referred to as convolution.
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Grid Valued Input Fields

Images and CFD states are functions on a discrete grid.

O ={G)):i=1..,Np,j=1,..,N,}

x: Q — RGn

R(, )] u(G )]
x(i,j) € R @p=6aH|  xp= |00

B(i, )) w(J)

: : Lp(i,j)

y. Qh — [Rcout

C,yt is the number of output channels, also called the number of filters or feature maps
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Grid Valued Input Fields

Images and CFD states are functions on a discrete grid.

Convolutional produces feature maps. For a 2D convolution centered at (i, j), the kernel uses

neighboring values x(i + p,j + q) wherep,q € {—r,...,r}. So r controls the spatial reach of the local
neighborhood.

For a kernel size k X k, we have k K is the learnable convolution kernel. It contains the
= 2r + 1. weights of the convolutional layer.
r=1=k=3 K € RCout*CinXkxk b € RCout

r=2 =>k=5

r=3 =>k=7
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Grid Valued Input Fields

Images and CFD states are functions on a discrete grid.

K is the learnable convolution kernel. It contains the weights of the convolutional layer.

K € ]Rcout X Cin X k X k’ = ]Rcout

Each weight is a scalar value and

indexed by
y =Kxx+b
KCoutrCinrp:q

h =o(K*x+b)

Cin r r
yCout(i’j) = bCout + ;“ S: S: Kcout»Cin:prquin(i + p’] + q) h(l+1) = O'(K(l) * h(l) + b(l))

Cin=1p=-1q=-T
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What do standard layers learn?

Linear and convolutional layers learn transformations between fixed-size arrays.

Layer type Mathematical view What it learns Limitation

Linear layer (y=Wx+b) global MIXINE I fixed input size
input values

Convolution (y=K*x+Db) local spatial patterns local receptive field

larger spatial

Deep CNN stacked convolutions ]
dependencies

tied to grid resolution
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Same Physics, Different Grids

The flow field is continuous in space. The grid is only the numerical representation we choose.

Convolutions are a good first step because they respect the grid. But in CFD, the grid is not the
physical object itself.

Alinearlayery = Wx + b mapsone A convolutionlayery = W *x 4+ b mapsone
finite dimensional vector to another: finite dimensional grid valued tensor to another:
fo: R"* —» R™ fo: RNxNy.Cin _ [RN;:N;»Cout

The flow field is continuous in space. The grid is only the numerical representation we choose.
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From Array Maps to Field Maps

Neural operators learn mappings between physical fields, not only between fixed-size arrays.

Array — Array ¥ RNxNyCin 5 RNxNyCout

Function — Function Go: a(x) = u(x)
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From Numerical Solvers to Learned Surrogates

The learning task is to approximate a solution map.

initial conditions.

A PDE problem can be written abstractly as N (u; a) = 0 in 0 with boundary and

The solver defines an operator G: a = u; the model learns B(a) = G(a).

numerical
solver §

input data a >

solution
field u

surrogate

Go

‘ MUC.DAI
H IVl Munich Center for
Digital Sciences and Al
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Neural Operator

Learning maps between function spaces

A neural operator does not learn a map from one vector to another vector.
It learns a map from one function to another function.

For PDEs, this means it learns the solution operator of a family of PDEs.
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Neural Operator

Parametric PDE and Solution Operator

(Lou)(x)=f(x), x €D A classical neural network usually

learns a finite-dimensional map:

u(x) =0 x €dD
( fo: R - RM

PDE Parameter: a € A
PDE Solution: u € U
Learned neural operator: Gg: A — U

Go(a) = u
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Neural Operator

The PDE induces a mapping from parameters to solutions

For every admissible input function a, the PDE has a corresponding solution wu.
This defines the true solution operator.

GT: A - U
u = G'(a)

The operator QT Is the exact but usually unknown PDE solution operator.
The neural operator aims to approximate this mapping.
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Neural Operator

Approximating the true PDE solution map

The goalis to train a neural operator Gg such that it approximates the true solution
operator G 7.

Go = Gt
Go(a) = u

Once trained, the neural operator predicts the full solution field for a new input field a
in one forward pass.
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Neural Operator

Architecture: Lifting, operator layers, and projection

A neural operator first lifts the input field to a higher-dimensional feature space, applies
several operator layers, and then projects the hidden representation back to the
physical output field.

Gg =P o ¥p_q © .o Wy 0y ©Q Go(@) = P(vr_1(vr—2 (.1 (2(2)))))

/
N 00N N N
| |
(&

N

)

MUC.DAI
H M . Munich Center for ~\ [ C ’ M pA 64 of 110
Digital Sciences and Al T




Neural Operator

Architecture: Lifting, operator layers, and projection

Start with input field:

a: 0 —» RCin

Up-projection maps it to Apply several Neural Operator blocks Project back to output channel:
latent field: Ze + 1(x) = v (z¢) ug(x) = P(ZT— 1(35))
Zo(x) = Qla(x

o(x) = 2(a(x) t=20,..,T — 2

ZO:Q - [Rd

/
N 0N
|
-

‘ MUC.DAI
H M Munich Center for ~ | C ’ M pA 65 of 110
Digital Sciences and Al T




Neural Operator

Uplifting: Changing the channel dimension of the field

Assume the input is a field over a spatial The up-projection Q maps the input channels into
domain (): C: a higher-dimensional latent feature space:
a: - R"in
Q:RCin —» R4

For every spatial location x € (), the

input field has Ci, channels. Applied pointwise over the domain:

_ uln(x) ] ZO(‘X) — Q(a(x))
a(X) = :j}ln((i)) € R4
_malgk(x)_ So the dimensions change as:

a(x) € R¢n - z,(x) € R?

MUC.DAI
H M ‘ Munich Center for AR C ’ M pA 66 of 110
Digital Sciences and Al T




Neural Operator

Uplifting: Changing the channel dimension of the field

Assume the input is a field over a spatial The up-projection Q maps the input channels into
domain (): C: a higher-dimensional latent feature space:
a: - R"in
Q:RCin —» R4

Concrete CFD example:

2. € R200X%200X50x7 Up projection withd = 64:
h

QZR200X200X50X7 _)IR200X200X50X64

Cin = /
with [Ujp, Vin, Win, P, 9, mask, terrain]|
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Neural Operator

Neural operator blocks keep the latent field shape but update each
feature using spatial interactions across the domain.

Zt: Q - Rd
YA = UV Z
t+1 t( t) /U’t:Rd —>IRd

v (Q > R - (Q - RY)

Zt +1(x) = o(Wrp(x) + Kevp(x) + be)
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Neural Operator

Neural operator blocks keep the latent field shape but update each
feature using spatial interactions across the domain.

Concrete CFD example: 7, € RNx X Ny x Nz x d
Z = v¢(z
a, € [R200 X 200X 50 x 7 t+1 t(Z¢)
Zy 41 E ]RNXxNnyZxd
Cin = 7

Wlth [uin; Vin» Win, P, q) maSk} terraln] = [RZOO X 200 X 50 X 64
t

/U,t:IRZOOXZOOXSOX&l- - R200X200X50X64

Up projection withd = 64:

200 X 200 X 50 X 64
Q:R200X200x50x7 _, [R200 X 200 x 50 X 64 Zt+1 € R
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Neural Operator

The down-projection converts the latent field into the desired output
channels, such as velocity and pressure.

VA Q - Rd

ug(x) = P(zr-1(x))

P: R% » RCout

P: (@ » RY - (Q - RCour)
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Neural Operator

The down-projection converts the latent field into the desired output
channels, such as velocity and pressure.

Concrete CFD example:
a;, € R200%200x50x7
u, € R200%200x50x3

Cin = /
with [Ujp, Vin, Win, P, 9, mask, terrain]|

Cout =

3

Wlth [uout» Vout» Wout]

Up projection withd = 64:

Q:R200X200X50X7 _)R200X200X50X64

Neural Operator Blocks with:
,U,t:IRZOOXZOOXSOX&I- N R200X200X50X64

VT _ 1 = R200x200x50x64

Down projection withd = 3:

P:R200X200X50X64 _)IRZOOXZOOXSOXB

HM?®
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Neural Operator

Architecture: Lifting, operator layers, and projection

e

&

Repeated Neural Operator Block (applied T times)

K(v:)(x)

Integral operator

Jo, 5@ y) v (y)dy
K(v) (@) = [, £(z,y) v (y)dy
Linear Layer

Pointwise Linear
Conv3d 1x1x1

V41 (z) = GELU (W, (z) + K(v)())

HIMI

MUC.DAI
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From Neural Operators to Fourier Neural
Operators

The main difference between neural operator variants is how they compute the nonlocal
transformation inside each block.
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Fourier Neural Operator

The nonlocal operator is computed in Fourier space by learning transformations of global frequency modes.
U +1(X) = o(Wrp (%) + Kewe (%))

Generic Neural Operator Fourier Neural Operator
Ke(ry = FH(Re - F(wvr))
Keoe) = [ Keoy)en) dy

/
N 00N N N
| |
(&

N

)
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Fourier Neural Operator

The spatial grid and latent width stay fixed, but the latent field is temporarily represented in Fourier space.

Start with a latent space Learned Spectral Transformation
vy € RNXxNnyzxd Rt'{%w
with

| RtE CMXxMyxMZxdxd
Fourier Transform

A~ Nx X Ny X Nz xd .
T(”t) = v € C Inverse Fourier Transform

T—l(Rt . ,l/)\,tM) = RNXXNnyzxd

Mode Truncation .
T — /(/)\,tM e CMxxMyxM,;xd FourlerBlockoutputN _—
Vi1 € RTx7y 202
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Why Fourier Space?

Many physical fields contain large-scale spatial structures that
can be represented efficiently through low-frequency modes.
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Fourier Modes

Retaining low-frequency Fourier modes while truncating
high-frequency details to reduce complexity.

In an FNO layer, the high-frequency modes get cut off:
f(x) » F(f) keeponly |k| < kpax = F1

So this acts like a learned low-pass spectral operator.
The high modes are not used in the Fourier branch.

The representation changes to Fourier space, but the
block output keeps the same latent grid shape.

Fourier Neural Operator intuition: retaining low modes and cutting off high modes

1) Physical space: original function

0.4 0.6

X
2) Fourier space: magnitude of modes before cutoff

urier mode k
3) Fourier space after truncation: high-frequ ency m modes are zeroed

i il

ourier mo
4) Back to physic Ipa e FFT after mode cutoff

v
\\/\ fj

T
0.4

original

pf\,\ = recon
ﬂ \/\/f b\
\ A N / J
ARYY

structed with |k| = 12

MUC.DAI
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Fou rie Y N eu ral O perator Fourier Neural Operator Blocks with:

vy RZOO X 200x 50 x 64

Concrete CFD example: 3D Fourier Transform
a1 € [R200x200x50x7 T(’Vt) — ,l/;t € (200X 200 X200 X 64

. € RZOOXZOOXSOXB
h Keep selected Modes My = My = 16,M, = 12

Cin — ’l/f\’tME (Cl6><16><12><64-

with [Ujp, Vin, Win, P, 9, mask, terrain]|

C — 3 Learned spectral weights
Lt R, € (16X 16X 12X 64X 64
t

Wlth [uout» Vout» Wout]

) ) ) Inverse Fourier Transform
Up projection withd = 64: FUR, - M) € R200%200x50x 64

QZR200X200X50X7 _)R200X200X50X64—
Down projection withd = 3:

?:R200X200X50X64 _)RZOOXZOOXSOXS
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Fourier Neural Operator

Architecture: Lifting, operator layers, and projection

/ Repeated 3D FNO Block (applied T times)
__)T

Conv3d |

1x1x1

(Pointwise Linear)
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Neural Operator vs Fourier Neural Operator

Architecture: Lifting, operator layers, and projection

/ Repeated Neural Operator Block (applied T times) \

L)@ |

Integral operator ‘

Jo 7))y

K(w:) (2) = [, lz,9) ve(y)dy

Linear Layer
Pointwise Linear
Conv3d 1x1x1

V41 (x) = GELU (W (z) + K(v ) ()

-

)
B0 R2ERe,

Repeated 3D FNO Block (applied T times)

R(v) 5
| Truncated Fourier modes
+ complex weights

Conv3d I

1x1x1

(Pointwise Linear)

IFFT?
(3D IFFT)

—>

MUC.DAI
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From FNO to Factorized FNO

The main difference between neural operator variants is how they compute the nonlocal
transformation inside each block.
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Factorized Fourier Neural Operator

FFNO reduces the cost of full 3D spectral mixing by factorizing the Fourier operation along spatial
dimensions.

Standard 3D FNO uses one joint 3D FFNO uses separate directional
spectral transform: transforms:
Fyz F,» Fy, F,

,
-
(&
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Factorized Fourier Neural Operator

FFNO reduces the cost of full 3D spectral mixing by factorizing the Fourier operation along spatial
dimensions.

Standard 3D FNO uses one joint 3D FFNO uses separate directional
spectral transform: transforms:

TX,y,Z :FX,’:Fy,TZ,
Instead of learning one large spectral It learns smaller directional operators:
tensor: R, € CMxxdxd

M, XM, XM, xdxd
R € C™x*"y*"z RyECMYXdXd

R. € (CMZXdXd
Z
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Factorized Fourier Neural Operator

Each directional branch transforms the latent field along one axis while preserving the full grid shape

after reconstruction.

Start with a latent space

vy € RNXxNnyzxd

Directional Fourier Branches

Along x:
Tx (’U't) = @NXxNnyZxd

Alongy:
:’T"y (’U’t) € (CNXxNnyZxd

Along z:
TZ (’U't) = CNXxNnyZxd

Retain My modes along x:
Tx(’v’t) _"ftxe (CM X Ny XNz xd

Retain My modes along x:
T (’U't)_"’ty (CN X My X Nz xd

Retain M, modes along x:
Tz(’”’t)_’”’tz (CN X Ny X Mz xd

Directional spectral transforms

Ry - 7% withR, € Mxxdxd
Ry - 745 withR, € CMyxdxd

R, - 71 withR, € (Mz*dxd

‘ MUC.DAI
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Factorized Fourier Neural Operator

FFNO reduces the cost of full 3D spectral mixing by factorizing the Fourier operation
along spatial dimensions.

Krpno (Ut) = Tx_l(RX?X (vy)) + Ty_l(RyTy (vy)) + Tz_l(Rz:Fz (vt))

v 41(X) = v + Wi0(We1Kprno (01))

g )
- -3 -
] = o) =)
| < 4] — )® 3
- m -
a3 e T 3
= =) =
= =
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Factorized Fourier Neural Operator

FFNO reduces the cost of full 3D spectral mixing by factorizing the Fourier operation
along spatial dimensions.

Linear Layer
Linear Layer

N0 N
I
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Why Factorize the Fourier Operator

Factorization makes spectral neural operators more practical for high-dimensional 3D
simulation data.

Parameter-cost comparison

Full 3D FNO spectral weights: Example with:

O(MM,M,d?) M, =M, = 16,M, = 12,d = 64
3D Factorized FNO spectral weights: Full FNO:

O((Mx + My + M,)d?) 16 - 16- 12+ 64% = 12,582,912
The spectral parameter structure FFNO:

is much smaller for FFNO. (16 + 16+ 12) - 64% = 4,140
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How Neural Operator Architectures Differ

Comparison of the core idea, operator implementation, and latent-field transformation inside each block.

Architecture

Core ldea

Operator
Implementation

Shape through Blocks

Neural Operator

Fourier Neural
Operator

Factorized Fourier
Neural Operator

Learn a map between

Nonlocal integral

functions operator K
Implement the nonlocal Complex weights on
operator in Fourier space selected Fourier modes

Reduce spectral cost by

factorizing across
dimensions

Separate Fourier
transforms

Q- R0 > RY

,l/)\,tM - j;'(,v,t) = (CMXXMyxszd
Viyq € RNXxNnyZxd

Same grid shape; separate
directional spectral branches
along x, y,and z
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When to Use Which Neural Operator?

Each architecture offers a different trade-off between generality, efficiency, and scalability.

Architecture Main strength Main limitation Best use case

Abstract concept; requires Explaining PDE solution maps
a concrete implementation and operator learning
of K principles

General framework for

Neural Operator field-to-field learning

Global spatial mixingand  Full 3D spectral weights

Fourier Neural General PDE surrogate

0 t efficient learning of can be memory- and modeling onistructiradieiie
perator smooth PDE fields parameter-intensive g &
Lower memory and : - :
Factorized Fourier parameter cost; better Less Cllet ’O”?t - Lgrge :.BD CFI.D domainsia
N LO t scalability to larse 3D spectral coupling than full  high-dimensional
eurat Uperator y g FNO spatiotemporal data

fields
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Dataset Model

A collection of examples A neural network with a The process where a
that form the model’s specific architecture neural network learns
knowledge base. adapted on the data or patterns from data.
use case.

Inference

After training, the model uses what it has learned to make predictions or
generate content from unseen inputs.
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Neural Network

Supervised neural network training. LD
'/

\\$( \‘V’/ ‘
AWA

Dataset R I,,MQ,
WA,

Training samples
(%0, ¥i)

5]
Dxlﬁyl. 23.

~

fez)
Dx2—>y2. .

. Input x )

D xN_’J’N.
\_ J

Update weights 6 Compute gradients
0 « 06 — nVQL VQL
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A neural operator first lifts the input field to a higher-dimensional feature space, applies several
operator layers, and then projects the hidden representation back to the physical output field.

N
1
0" = arg miny > L(fp(x), %)
i=1

Mean Squared Error (MSE) Root Mean Squared Error (RMSE) Relative L*Loss

1o )
Lysg = NZ(Yi — Vi)
im1

N
1
L rMSE = NZ(YL' —yi)*
i=1
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Backpropagation: Computing gradients of the loss with respect to network parameters

Backpropagation is the algorithm used to compute how each trainable parameter of a neural
network contributes to the final loss.

LOy) = L(Fo(x),y)

It applies the chain rule from the output layer back to the earlier layers and produces the gradients
needed for parameter updates.

Backpropagation computes the gradient of the loss with respect to the trainable parameters:
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Optimization: Updating the parameters using the gradients computed by backpropagation

Backpropagation computes how the loss changes with respect to each parameter:

VL_6L
o~ 96

The optimizer uses these gradients to update the parameters in a direction that reduces the loss:
Otv1 = O — VgL

The learning rate n controls the size of each update step. For a weight matrix and bias vector:

0L
D _ y®
dL

D
b PTC

t+1

l
= b —n
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Supervised Learning Training Routine

From mini-batch data to parameter updates across repeated epochs

O, © ©) O

e 2\ ' 2
Dataset Mini-batch Prediction Loss |
D = {(x;, ¥ BCD | ~
{( | yi)} .\ P ; y

[(xlr)ﬁ) : : .%.%. ® :

..| .I(xz.yz)‘ I (Xiy, Yi1) —| @000 : I =N

' - (xiz;}’iz) . . . . : @

— N . : AT |
j(xNJJ’N)f (xim‘ym) f.()?, }’)

y = fo(x)

input-target pairs

sample a batch

compare prediction

Backpropagation

)

_._\

— —

S ——

(6)

e

Optimization step

C').".-..{'..hé.'fl’ _\C')

_ o
VoLl = 39

compute parameter

Ot41 =0 —n VoL

update weights

of examples to ground truth ; ) 1
| radients and biases
% 7 g Y N \ o 4\ A

A
i
Y repeat for all mini-batches = 1 epoch

e - (OO multiple epochs until convergence .- -7

= ” = o\ — : P

Dataset g —> Mini-batch _ ] —>» Forward pass @\:r/z —>» loss @ —> Backpropagation ., = Optimizer step f@i —> Repeat

HM®
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Dataset

Training data covers only one region

training region
2 = true function
training samples

f(x) = sin(2x) + 0.3x + 0.2 cos(5x)
Evaluation domain: x € [—6, 6]

Training domain: x € [—2,2]
Vi = f(Xi) + &) & € N(O,OOOBZ)

MUC.DAI
Munich Center for
Digital Sciences and Al

Neural Network

fo = A; (tanh (A2 (tanh(Al(x)))))

A1 (x) = Wi(x) + by
Ay (hy) = Wy(hy) + by
A3(h2) — W3(h2) + bs
h1 = tanh(Wlx + bl)
h, = tanh(W,x + b,)

Wl = ]RSZ X 1’ bl = ]RSZ
WZ = RSZ X 32’ bz € RSZ
W; € R1*32 b, € R

= W3h2 als b3)
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Prediction changes during training Good interpolation does not guarantee extrapolation

-~ training region

I\ 2

} == = true function

I ==== final NN prediction \
] training samples \
] \ [}
\

\ N}

A4

c
o
2
i
©
)
.
o

true = epoch 1000
epoch O epoch 3000
epoch 50 samples
epoch 200
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HM?®

Pointwise squared error across the domain

training region

MUC.DAI
Munich Center for
Digital Sciences and Al

10°

1071
(NN

1072

1073

o8 CIMPA

Training loss can fall while full-domain error remains

= training MSE
== full-domain MSE

500

1500 2000 2500 3000

epoch

98 0of 110




Training Neural Operators

The modelis trained to map current flow fields to future states, while teacher forcing stabilizes
learning over multiple prediction steps.
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Teacher Forcing Prediction

Dataset

Factorized Fourier Neural Operator
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Teacher Forcing Prediction

Dataset

Factorized Fourier Neural Operator
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Teacher Forcing Prediction

Dataset

Factorized Fourier Neural Operator
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Teacher Forcing Prediction

Dataset

Factorized Fourier Neural Operator
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Teacher Forcing Prediction

Dataset

Factorized Fourier Neural Operator
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Teacher Forcing Prediction

Dataset
Factorized Fourier Neural Operator
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Dataset Model

A collection of examples A neural network with a The process where a
that form the model’s specific architecture neural network learns
knowledge base. adapted on the data or patterns from data.
use case.

Inference

After training, the model uses what it has learned to make predictions or
generate content from unseen inputs.
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Inference

New sample u;

HIMI

MUC.DAI
Munich Center for
Digital Sciences and Al

-

~

Factorized Fourier Neural Operator
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Inference

é )
Factorized Fourier Neural Operator
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New sample u;
Forward Pass
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Inference

( )
Factorized Fourier Neural Operator
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Inference

2 N Prediction u;_ ¢

Factorized Fourier Neural Operator
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Autoregressive Model
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Static 3D
Wind Field

=
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Scattered Wind
Measurements
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Network
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Predicted 3D
Wind Field
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Input for the next

Prediction ’
2

rPredicted Windfield\ /, Factorized Fourier Neural Operator\

Predict next
Windfield

\\G PU Server (2x NVIDIA A100 80GB)/

Lon,
Alt

Obtain Wind and Turbulence X, Y. Transformation of WGS84 Lat, Lon, Alt (
Information at the 1 Coordinates into Grid <« L UDP Interface

Helicopter’s Location Coordinates

| U,vV,W,T \
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The Cost of Predicting Step by Step
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Thank you for your
attention!

Maximilian Dauner

maximilian.dauner0@hm.edu

Munich University of Applied Sciences

Munich Center for Digital Sciences and Al (MUC.DAI)
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Lab 2

From Neural Networks to PDE
Prediction

In this lab, you will build an intuitive understanding of neural
network training, starting from affine transformations,
activation functions, and multilayer perceptrons before
moving toward field-based learning for PDE data.

By training a small neural network and a 1D Fourier Neural
Operator on PDEBench data, you will learn how models are
optimized, how losses are evaluated, and how one-step
predictions can be extended to autoregressive inference for
physical systems.

https://syncandshare.lrz.de/getlink/fi3
EzfcASPCj7EBgFNKkMQD/public
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